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a b s t r a c t

Tuned mass dampers (TMD) have been widely used to attenuate undesirable vibrations in engineering.
Most optimization problems of TMD are solved by either numerical iteration technique or conventional
mathematical methods that require substantial gradient information. The selection of the starting values
is very important to ensure convergence. In this paper, we use a novel evolutionary algorithm of particle
swarm optimization (PSO) for optimization of the required parameters of a TMD. Optimum parameters
of the TMD system attached to a viscously damped single degree-of-freedom main system are obtained
by minimizing some response quantities, for examples, the mean square displacement responses and
displacement amplitude of the main system under various combinations of different kinds of excitations.
The excitations considered include external force and base accelerationmodeled as Gaussian white-noise
random processes. Harmonic base acceleration with frequency invariant amplitude is also considered.
The PSO can be used to find the optimummass ratio, damper damping and tuning frequency of the TMD
system and can be easily programmed for practical engineering applications. Explicit expressions of the
optimum TMD parameters are given for engineering designers.

© 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Tuned mass damper (TMD) is amongst the oldest structural
vibration control devices in existence [1–11]. The concept of
vibration control using a mass damper dates back to 1909, when
Frahm invented a vibration control device called a dynamic
vibration absorber. There has been a resurgence of interest in
the study of TMD in recent years. A great number of newer tall
buildings are now equipped with various versions of TMD systems
for vibration attenuation under wind and moderate earthquakes.
A summary of these recent applications can be found in Soong
et al. [12]. Thus, the understanding of TMD behavior and its
design parameters become important. A TMD system consists of
a mass, a spring, and a dashpot attaching to a main structure to
attenuate the dynamic response of the structure. The structure
motion is essentially controlled from the dynamic loadings by
appending the structure with a TMD system that absorbs most of
the input energy and only a part of this energy is transferred to
the main structural system. One of the important design issues
is the parameters optimization. The parameters which directly
affect the response of main system are the mass, damping and
stiffness of TMD, it is usual to optimize the damping and tuning
frequency ratio for the purpose of computation convenience in
most studies. Bakre and Jangid [13] gave a good review about the
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aspect of TMD parameters optimumdesign issues. Den Hartog [14]
and Brock [15] obtained explicit solutions for determining
optimum TMD parameters for undamped main system subjected
to harmonic external force. Warburton and Ayorinde [16,17]
successfully confirmed the possibility and accuracy in assuming
multi-degree-of-freedom main system as a single-degree-of-
freedom system by solving numerous elastic structures equipped
with TMD. Warburton [18,19] derived the sample expressions
for optimum absorber parameters for undamped and damped
one degree-of-freedom main systems under harmonic and white-
noise random excitations with force and base acceleration as
input in minimization of various response parameters in different
cases. Bapat and Kumaraswamy [20] and Thompson [21] also
gave classical and graphical solutions for optimum parameters
of untuned vibration absorber. Tsai and Lin [22,23] proposed
a numerical iteration searching technique to find the optimum
damping and tuning frequency ratio of the TMD system for
minimizing steady-state response of support-excited systems
with damping. They also provided explicit formulae for optimum
absorber parameters for force-excited and viscously damped
systems by using curve-fitting method. Recently, Jangid [24] and
Bakre and Jangid [13,25] employed the same numerical iteration
searching technique for optimizing single and multiple tuned
mass dampers for base-excited undamped and damped systems,
respectively, and developed explicit expressions after several trials
by curve-fitting scheme.
Recently, a novel evolutionary technique, named particle

swarm optimization (PSO), has been proposed [26–28]. PSO is
based on sociological behaviors through individual improvement,
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population cooperation and competition associated with bird
flocking, fish schooling and swarm theory. In PSO, each individual
called particle is denoted as a solution of the optimization problem
and is assigned with a randomized velocity. The particle changes
its position and velocity gradually through tracking its own local
optima and the global optima, in other words, according to its
own experience and the whole swarm experience. Compared with
other evolutionary algorithms like genetic algorithm (GA) and ant
colony optimization (ACO) algorithm, PSO has some appealing
features including easy implementation, few parameters tuning
and fast convergence rate. PSO has been used to solve many
types of optimization problems consisting of uni-modal andmulti-
modal functions optimization, single and multiple objectives
optimization, unconstrained and constrained optimization, and
dynamic or noisy environment optimization. In addition, it
performs well in a wide variety of applications in a variety of
fields [29–32]. To the best of our knowledge, there is no published
work for dealing with parameters optimization issue of the TMD
system using PSO for stationary random excitation. In this paper,
we will use PSO to get the optimum mass, damping and tuning
frequency ratio of the TMD system when the main system is
force-and/or base-excited, and their variances along with the
various displacement response quantities of the main system are
also analyzed. In addition, explicit expressions of the optimum
TMD parameters are obtained by curve-fitting for engineering
designers. The method has been extended to optimization of TMD
for non-stationary base excitation [35].
The remaining contents of this paper are organized as follows. In

Section 2, the structural mathematical model and the optimization
problem are represented. In Section 3, the PSO algorithm is
described in detail. In Section 4, optimum TMD parameters for
undamped main system are given by theoretical method and
optimized by PSO, respectively. In Section 5, optimum TMD
parameters for damped system are obtained by PSO, and explicit
formulae of them are given through using curve-fitting technique.
In Section 6, we end the paper with some conclusions and future
work propositions.

2. Structural mathematical model and statement of the opti-
mization problem

The schematic diagram of a main system equipped with TMD
is shown in Fig. 1. The main system is characterized by the mass
ms, the stiffness ks and the damping cs. The natural frequency and
viscous damping ratio of the main system are ωs =

√
ks/ms and

ξs = cs/2
√
ksms, respectively. Similar to themain system, the TMD

consists of the mass mT , the stiffness kT and the damping cT . Let
ωT =

√
kT/mT and ξT = cT/2

√
kTmT denote the natural frequency

and damping ratio of the TMD, respectively. On the other hand,
the mass and tuning frequency ratio of the TMD are defined as
µ = mT/ms and f = ωT/ωs.
In the present study, the main system equipped with a TMD

is modeled as a single-degree-of-freedom system under some
combinations of excitations. There are three types of excitations
which consist of external force applied to the mass ms, base
accelerationmodeled asGaussianwhite-noise randomprocess and
harmonic base acceleration with frequency invariant amplitude.
The response quantities considered in here are the relative
displacement responses of the main system.

2.1. Response to external force applied to the main system

The equation of motion for the whole system excited by
external force, F , applied to the main system can be expressed as
follows[
ms 0
0 mT

]{
ẍs
ẍT

}
+

[
cs + cT −cT
−cT cT

]{
ẋs
ẋT

}
+

[
ks + kT −kT
−kT kT

]{
xs
xT

}
=

{
F
0

}
(1)

where xs is the displacement of themain system relative to the base
and xT is that of the TMD relative to the base, respectively; and F is
the external force exerting on the main system.
Denote external force, F , as a Gaussian white-noise with

constant power spectral density, S0. Themean square displacement
response of the main system, σ 2xs is given by [13,33,34]

σ 2xs =

∫
+∞

−∞

S0
∣∣Hxs(ω)∣∣2 dω (2)

where the frequency response function in Eq. (2) is given by

Hxs(ω) =
1
Λms

(−ω2 + 2iξTωTω + ω2T ) (3)

Λ = ω4 − 2i[ωsξs + (1+ µ)ξTωT ]ω3

− [ω2s + (1+ µ)ω
2
T + 4ωsωT ξsξT ]ω

2

+ 2iωsωT [ωT ξs + ωsξT ]ω + ω2sω
2
T (4)

where i is the unit of imaginary number. Substituting the frequency
response function from Eq. (3) to Eq. (2), one obtains the mean
square displacement of the main system as given in Box I [13].
Let N = σ 2xsk

2
s /2πS0ωs represent the response quantity of

the main system. The optimization problem of the TMD can be
expressed as in Box II.

2.2. Response to harmonic base acceleration applied to the main
system

Consider the main system equipped with a TMD subjected to
base acceleration, ẍg . The governing equation of motion can be
expressed as[
ms 0
0 mT

]{
ẍs
ẍT

}
+

[
cs + cT −cT
−cT cT

]{
ẋs
ẋT

}
+

[
ks + kT −kT
−kT kT

]{
xs
xT

}
= −

{
ms
mT

}
ẍg . (5)

When the support excitation is harmonic and its acceleration
amplitude is independent of frequency, i.e. ẍg = Geiωt , the steady-
state response of the system can be solved from the equation in
Box III [22]. The ratio of the vibration amplitude of themainmass to
the input amplitude can be obtained as in Box IV non-dimensional
input frequency [22]. The above equation is a function of the
parameters γ ,µ, ξT and f . Similar to Section 2.1, let N = ω2s |xs| /G
represent the response quantity of the main system, thus, the
optimization problem of the TMD can be expressed as in Box V.

2.3. Response to white-noise base acceleration applied to the main
system

Similarly, when the main system is excited by a base
acceleration, ẍg , which is a white-noise with constant power
spectral density, S0, the governing equation of motion is also
expressed as equation (5), and the mean square displacement
response of the main system, σ 2xs , is then given by [13]

σ 2xs =

∫
+∞

−∞

S0
∣∣Hxs(ω)∣∣2 dω (6)
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σ 2xs =
2πS0ωs
k2s

[
ξT [1− f 2(2+ µ)+ f 4(1+ µ)2] + µf 3ξs + 4f 2ξ 3T (1+ µ)+ 4f ξ

2
T ξs[1+ f

2(1+ µ)] + 4f 2ξT ξ 2s
4[µf ξ 2T + ξT ξs{1− 2f 2 + f 4(1+ µ)2 + 4f 2ξ

2
T (1+ µ)+ 4f ξT ξs[1+ f 2(1+ µ)] + 4f 2ξ 2s } + µf 3ξ 2s ]

]
Box I.
Nopt = minN(µ, ξT , f )

= min
µ,ξt ,f

[
ξT [1− f 2(2+ µ)+ f 4(1+ µ)2] + µf 3ξs + 4f 2ξ 3T (1+ µ)+ 4f ξ

2
T ξs[1+ f

2(1+ µ)] + 4f 2ξT ξ 2s
4[µf ξ 2T + ξT ξs{1− 2f 2 + f 4(1+ µ)2 + 4f 2ξ

2
T (1+ µ)+ 4f ξT ξs[1+ f 2(1+ µ)] + 4f 2ξ 2s } + µf 3ξ 2s ]

]
subject to µ > 0, ξT > 0, f > 0

Box II.
[
ω2s + µω

2
T − ω

2
+ i2ω(ξsωs + µξTωT ) −µω2T − i2µξTωTω

−µω2T − i2µξTωTω µω2T − µω
2
+ i2µξTωTω

]{
xs
xT

}
= G

{
1
µ

}
Box III.
ω2s |xs|
G
=

√
[f 2(1+ µ)− γ 2]2 + 4γ 2f 2ξ 2T (1+ µ)2√

[µf 2γ 2 − (γ 2 − 1)(γ 2 − f 2)+ 4ξsξT f γ 2]2 + 4γ 2[ξT f (γ 2 + µγ 2 − 1)+ ξs(γ 2 − f 2)]2

Box IV.
Nopt = min
µ,ξT ,f

max
γ
N

= min
µ,ξT ,f

max
γ


√
[f 2(1+ µ)− γ 2]2 + 4γ 2f 2ξ 2T (1+ µ)2√

[µf 2γ 2 − (γ 2 − 1)(γ 2 − f 2)+ 4ξsξT f γ 2]2 + 4γ 2[ξT f (γ 2 + µγ 2 − 1)+ ξs(γ 2 − f 2)]2


Box V.
Hxs(ω) =
1
Λ
[ω2T (1+ µ)− ω

2
+ 2iξTωTω(1+ µ)] (7)

Λ = ω4 − 2i[ωsξs + (1+ µ)ξTωT ]ω3

− [ω2s + (1+ µ)ω
2
T + 4ωsωT ξsξT ]ω

2

+ 2iωsωT [ωT ξs + ωsξT ]ω + ω2sω
2
T . (8)

The mean square displacement of the main system is given by
equations in Box VI [13]. Let N = σ 2xsω

3
s /2πS0 represent the

response quantity of the main system, thus, the optimization
problem of the TMD also can be expressed as in Box VII.

3. Particle swarm optimization algorithm

PSO is an evolutionary computation technique through individ-
ual improvement plus population cooperation and competition. It
is based on the simulation of simplified social models. Substan-
tially, PSO is a parallel search technique due to a group of particles
exploration.
A particle status in the search space is characterized by two

factors: position and velocity. The position and the velocity of the
ith particle in the d-dimensional search space canbe represented as
Xi = (xi,1, xi,2, . . . , xi,d) and Vi = (vi,1, vi,2, . . . , vi,d), respectively.
The ith particle has its own best position Pi = (pi,1, pi,2, . . . , pi,d),
corresponding to the individual best objective value obtained so far
at time t . The global best particle is denoted as g , which represents
the best position found so far at time t in the whole swarm. The
new velocity of each particle is given by:

vi,j(t + 1) = wvi,j(t)+ c1r1[pi,j − xi,j(t)]

+ c2r2[gj − xi,j(t)], j = 1, 2, . . . , d (9)
Fig. 1. A single-degree-of-freedommain system equipped with TMD.

where c1 and c2 are constants called acceleration coefficients.
Usually c1 = c2 = 2; r1 and r2 are two independent
random numbers uniformly distributed in the range [0, 1]; w
is called the inertia factor which is often in the range [0.1,0.9],
and many previous studies show that if w declines linearly along
with the exploration proceeding, it will improve the convergence
performance greatly, and the updated equation is given by

w = wmax − ni ×
(wmax − wmin)

nmax
(10)

wherewmax andwmin are called maximum andminimumweights,
respectively, ni is the current generation number, and nmax is the
maximum number of generation.
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σ 2xs =
2πS0
ω3s

[
ξT [1− f 2(2− µ)(1+ µ)+ f 4(1+ µ)4] + ξs[µ2f + µf 3(1+ µ)2] + 4f 2ξ 3T (1+ µ)

3
+ 4f ξ 2T ξs(1+ µ)

2
[1+ f 2(1+ µ)] + 4f 2ξT ξ 2s (1+ µ)

2

4[µf ξ 2T + ξT ξs{1− 2f 2 + f 4(1+ µ)2 + 4f 2ξ
2
T (1+ µ)+ 4f ξT ξs[1+ f 2(1+ µ)] + 4f 2ξ 2s } + µf 3ξ 2s ]

]

Box VI.
Nopt = minN(µ, ξT , f )

= min
µ,ξt ,f

[
ξT [1− f 2(2− µ)(1+ µ)+ f 4(1+ µ)4] + ξs[µ2f + µf 3(1+ µ)2] + 4f 2ξ 3T (1+ µ)

3
+ 4f ξ 2T ξs(1+ µ)

2
[1+ f 2(1+ µ)] + 4f 2ξT ξ 2s (1+ µ)

2

4[µf ξ 2T + ξT ξs{1− 2f 2 + f 4(1+ µ)2 + 4f 2ξ
2
T (1+ µ)+ 4f ξT ξs[1+ f 2(1+ µ)] + 4f 2ξ 2s } + µf 3ξ 2s ]

]

Box VII.
Fig. 2. Maximum response quantity with optimum TMD parameters under
external force excitation.

Fig. 3. Optimum damping of TMD under external force excitation.

The position of each particle is then updated in each generation
according to the following equation:
xi,j(t + 1) = xi,j(t)+ vi,j(t + 1), j = 1, 2, . . . , d. (11)
PSO is usually based on real encoding, and its structure is

relatively simple due to lack of cross and mutation as a result of
higher running speed. In PSO, Eq. (9) is applied to calculate the new
velocity according to its previous velocity and to the distance of its
current position from both its own best historical position and its
neighbors’ best position. Generally, the value of each component in
Vi canbe restricted to the range [vmin, vmax] to control the excessive
roaming of particles outside the search space. Then, the particle
flies towards a new position according to Eq. (11). This process is
repeated until the maximum number of generation is reached.
Fig. 4. Optimum tuning frequency of TMD under external force excitation.

The procedure of PSO is summarized as follows:
Step 1:
Initialize the population of particles with random positions and

velocities, where each particle contains d components.
Step 2:
Evaluate the objective values of all particles. Let each particle’s

own best position and its objective value be equal to its current
position and objective value, and let the global best particle and its
objective value be equal to the position and objective value of the
best initial particle.
Step 3:
Update the velocity and position of each particle according to

Eqs. (9)–(11).
Step 4:
Evaluate the objective values of all particles.

Step 5:
For each particle, compare its current objective value with the

objective value of its own best position. If the current value is
better, then update its own best position and its objective value
with the current position and objective value.
Step 6:
Determine the best particle of the current swarm according to

the best objective value. If the objective value is better than the
objective value of the global best position, then update the global
best position and its objective valuewith the position and objective
value of the current best particle.
Step 7:
If the number of current generation ni is smaller than the

number ofmaximumgeneration nmax, go back to Step 3; otherwise,
go to Step 8.
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(a) Fitting curve of optimum damping ξ optT and error of explicit expression.

(b) Fitting curve of optimum tuning frequency f opt and error of explicit expression.

(c) Fitting curve and error of optimum response quantity Nopt .

Fig. 5. Comparison of the optimum parameters of TMD system based on PSO and explicit expressions for different mass ratios and damping of the main system under
external force excitation.
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Step 8:
Output the global best position and its objective value, and end

the procedure.

4. Optimum TMD parameters for undamped main system

For an undamped system (i.e. ξs = 0), when it is excited
by external force and white-noise base acceleration described
in Sections 2.1 and 2.3, respectively, it is possible to obtain the
optimum TMD parameters in closed-form using the following
optimum response parameter conditions

∂N
∂µ
= 0 (12)

∂N
∂ξT
= 0 (13)

∂N
∂ f
= 0. (14)

However, when the system is undamped and the base
acceleration is harmonically excited, it is too complex to get
the closed-form expressions of the optimum TMD parameters
by employing the above optimization conditions. Therefore, Den
Hartog [14] proposed the fixed-point theory to determine the
optimum damping and tuning frequency ratio of TMD for specified
mass ratioµ considering that the optimum response quantity Nopt
decreases as mass ratio µ increases, or vice versa.
The optimum TMD parameters for an undamped main system

theoretically obtained for different combinations of excitations
and the minimized response quantity N considered in the present
paper are summarized in Table 1 [13,19].
To test the efficiency of PSO, it is applied to optimize the above

response quantities under various excitations for the undamped
main system. The important parameters of PSO are given as
follows: nmax = 100 (maximum generations),wmax = 0.9,wmin =
0.1. It is observed from the data listed in Table 2 that there is good
agreement between the optimum TMD parameters for specified
mass ratio µ based on PSO and theoretical computation.
For an damped main system with a TMD subjected to white-

noise base excitation (i.e. Case 3), the optimum TMD parameters
are µopt = 0.6667, f opt = 0.4899, ξ opt = 0.3536, respectively,
which are exactly equal to the theoretical values. In practical
engineering application, we can choose suitable mass ratio µ to
find the optimum parameters f and ξT considering that the mass
ratio of TMD µ cannot be too large.

5. Optimum TMD parameters for damped system based on PSO

For a damped main system with TMD, due to the extreme
complexity, the closed-form expressions for optimum parameters
of the TMD under external force andwhite-noise base acceleration
cannot be easily solved from Eqs. (12)–(14). At the same time,
when the damping of main system ξs 6= 0, the response
curves of different TMD damping for the specified mass and
tuning frequency will not pass through any fixed points, thus,
the closed-form solution of the optimum parameters for damped
main system also cannot be obtained using the same method as
used for undampedmain system. Therefore, the values of optimum
parameters for damped main system can only be determined by
optimization methods for the minimum response quantities.
Tsai and Lin [22,23] proposed a numerical iteration technique

to optimize the damping and tuning frequency ratio of TMD for
specified mass ratio µ. On the other hand, Bakre and Jangid [13,
25] and Jangid [24] also used the similar procedure to determine
the same optimum parameters of a TMD and MTMD systems for
Fig. 6. Maximum response quantity with optimum TMD parameters under
harmonic base excitation.

damped main system. However, this traditional numerical itera-
tion method is essentially transferring the continuous optimiza-
tion problem into the discrete optimization problem and finding
the optimumvalue in amesh grid. Furthermore, the optimummass
ratio of a TMD for a dampedmain system had not been considered
in the previous numerical simulations. Therefore, in the present
study, PSO is used to search for the optimum parameters of a TMD
for damped main system as it is not sensitive to change of ranges
and of the numbers of optimized variables.

5.1. Optimum TMD parameters for damped main system under
external force

For the dampedmain system subjected to white-noise external
force, after several numerical simulations, we discover that the
optimum response quantity Nopt decreases as the mass ratio
µ increases, thus, we only optimize the damping and tuning
frequency ratio of TMD for specified mass ratio µ. The optimum
parameters and response quantity using PSO are given in Table 3.
The important parameters of PSO are given as follows: nmax = 50,
wmax = 0.9, wmin = 0.1. Compared with Reference [13] using
numerical iteration technique, the optimization results are almost
equal between them through two approaches, but the average
running time is only 0.14 s, while the running time of numerical
iteration method depends on the initial values. In other words, for
numerical iteration, if the initial values of optimized parameters
are closer to the optimum values, the elapsed running time will
be less, vice versa, on the other hand, it also depends on required
accuracy (i.e. the higher accuracy obtained, themuchmore running
time needed).
To investigate the influence of the system mass ratio on the

effectiveness of TMD, the variation of the maximum response
quantity for different damping ofmain system ξs is plotted in Fig. 2,
which indicates that the system response reduces as the mass of
the optimum TMD increases.
The optimum damping and tuning frequency of TMD for main

system are plotted in Figs. 3 and 4 as functions of mass ratio. From
Fig. 3, it is seen that the optimum damping ξ optT increases as the
mass ratio µ increases as well and it is almost not relative with
the damping of main system ξs. At the same time, from Fig. 4, it is
observed that the optimum tuning frequency f opt decreases with
the increase of the mass ratio µ, and the higher damping of main
system the quicker the optimum tuning frequency f opt declines.
The explicit expressions for the optimum damper damping and

tuning frequency obtained by curve-fitting are, respectively, given
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Table 1
Theoretically optimum TMD parameters for an undamped single-degree-of-freedommain system under various excitations.

Case Excitation Optimized response Optimized TMD parameter
Type Applied to Parameter optimized Definition of N Nopt µopt ξ

opt
T f opt

1 Force Main mass xs
σ 2xs k

2
s

2πS0ωs

√(
1
µ

) (
1+3µ/4
1+µ

)
−
2
3

√
µ(1+3µ/4)

4(1+µ)(1+µ/2)

√
1+ µ2
1+µ

2 Acceleration (harmonic) Base xs
ω2s |xs |
G

√(
2
µ

)
(1+ µ) – 3µ

8(1+µ)(1− µ2 )

√
1− µ2
1+µ

3 Acceleration (white-noise) Base xs
σ 2xsω

3
s

2πS0

√(
1
µ

) (
1− µ

4

)
(1+ µ)3/2 2

3

√
µ(1−µ/4)

4(1+µ)(1−µ/2)

√
1− µ2
1+µ

For case 1, the optimummass ratio of TMDµopt = − 23 , theoretically, which is not satisfied to be positive, so only optimum response quantity N
opt is given for specified mass

ratio µ. For case 2, definite optimum value for optimum mass ratio µopt has not been obtained, but optimum response quantity Nopt decreases as mass ratio µ increases
through numerical simulation experiments when µ > 0, also, optimum response quantity Nopt can be determined for specified mass ratio µ.
Table 2
Optimum TMD parameters for an undamped main system under various excitations based on PSO for specified mass ratio.

Mass ratio µ Force excitation Base excitation (harmonic) Base excitation (white-noise)
ξs = 0.00 ξs = 0.00 ξs = 0.00
ξ
opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt

0.001 0.0158 0.9993 31.6188 0.0194 0.9987 44.7398 0.0158 0.9988 31.6663
0.002 0.0223 0.9985 22.3551 0.0274 0.9975 31.6793 0.0223 0.9975 22.4222
0.003 0.0274 0.9978 18.2506 0.0335 0.9963 25.8932 0.0274 0.9963 18.3328
0.004 0.0316 0.9970 15.8035 0.0390 0.9950 22.4484 0.0316 0.9950 15.8984
0.005 0.0353 0.9963 14.1333 0.0436 0.9938 20.1008 0.0353 0.9938 14.2394
0.006 0.0386 0.9955 12.9003 0.0474 0.9925 18.3672 0.0386 0.9925 13.0165
0.007 0.0417 0.9948 11.9419 0.0514 0.9913 17.0231 0.0417 0.9913 12.0674
0.008 0.0446 0.9940 11.1692 0.0547 0.9901 15.9381 0.0446 0.9901 11.3035
0.009 0.0473 0.9933 10.5292 0.0583 0.9889 15.0430 0.0473 0.9888 10.6715
0.01 0.0498 0.9926 9.9876 0.0610 0.9876 14.2851 0.0498 0.9876 10.1377
0.015 0.0609 0.9889 8.1499 0.0749 0.9815 11.7227 0.0609 0.9815 8.3337
0.02 0.0702 0.9853 7.0537 0.0859 0.9755 10.2030 0.0702 0.9755 7.2660
0.025 0.0783 0.9817 6.3052 0.0963 0.9695 9.1713 0.0783 0.9695 6.5427
0.03 0.0856 0.9781 5.7524 0.1050 0.9635 8.4138 0.0857 0.9636 6.0126
0.035 0.0923 0.9746 5.3226 0.1136 0.9577 7.8280 0.0924 0.9577 5.6036
0.04 0.0985 0.9711 4.9759 0.1209 0.9519 7.3584 0.0986 0.9519 5.2764
0.045 0.1043 0.9676 4.6886 0.1284 0.9461 6.9715 0.1044 0.9461 5.0074
0.05 0.1098 0.9642 4.4454 0.1350 0.9404 6.6459 0.1098 0.9404 4.7815
0.055 0.1149 0.9608 4.2361 0.1415 0.9347 6.3673 0.1150 0.9347 4.5887
0.06 0.1198 0.9574 4.0535 0.1477 0.9291 6.1255 0.1199 0.9291 4.4218
0.065 0.1245 0.9541 3.8923 0.1533 0.9236 5.9135 0.1246 0.9236 4.2757
0.07 0.1290 0.9508 3.7486 0.1592 0.9181 5.7256 0.1290 0.9181 4.1466
0.075 0.1333 0.9475 3.6195 0.1643 0.9126 5.5577 0.1333 0.9126 4.0315
0.08 0.1374 0.9443 3.5026 0.1696 0.9072 5.4066 0.1375 0.9072 3.9283
0.085 0.1414 0.9410 3.3962 0.1748 0.9019 5.2699 0.1415 0.9019 3.8351
0.09 0.1452 0.9378 3.2988 0.1796 0.8965 5.1454 0.1454 0.8966 3.7504
0.095 0.1489 0.9347 3.2091 0.1840 0.8912 5.0316 0.1491 0.8913 3.6732
0.1 0.1525 0.9315 3.1261 0.1889 0.8861 4.9270 0.1527 0.8861 3.6024
Fig. 7. Optimum damping of TMD under harmonic base excitation.
 Fig. 8. Optimum tuning frequency of TMD under harmonic base excitation.
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Table 3
Optimum TMD parameters for a damped main system under external force excitation based on PSO for specified mass ratio.

µ ξs = 0.01 ξs = 0.02 ξs = 0.03 ξs = 0.05 ξs = 0.075 ξs = 0.1
ξ
opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt

0.001 0.0158 0.9991 15.6179 0.0158 0.9989 10.0629 0.0158 0.9988 7.3405 0.0158 0.9985 4.7113 0.0158 0.9981 3.2323 0.0158 0.9977 2.4534
0.002 0.0223 0.9983 13.0617 0.0223 0.9981 9.0162 0.0223 0.9978 6.8131 0.0223 0.9974 4.5224 0.0223 0.9968 3.1574 0.0223 0.9963 2.4165
0.003 0.0274 0.9975 11.5826 0.0274 0.9972 8.3236 0.0274 0.9969 6.4347 0.0274 0.9964 4.3735 0.0274 0.9957 3.0947 0.0274 0.9950 2.3844
0.004 0.0316 0.9967 10.5662 0.0316 0.9964 7.8076 0.0316 0.9961 6.1378 0.0316 0.9954 4.2490 0.0316 0.9947 3.0399 0.0316 0.9939 2.3556
0.005 0.0353 0.9959 9.8046 0.0353 0.9956 7.3985 0.0353 0.9952 5.8932 0.0353 0.9945 4.1415 0.0353 0.9937 2.9909 0.0353 0.9928 2.3293
0.006 0.0386 0.9951 9.2030 0.0386 0.9948 7.0612 0.0386 0.9944 5.6854 0.0386 0.9936 4.0466 0.9927 0.9927 2.9464 0.0386 0.9917 2.3049
0.007 0.0417 0.9944 8.7104 0.0417 0.9940 6.7753 0.0417 0.9935 5.5050 0.0417 0.9927 3.9615 0.0417 0.9917 2.9055 0.0417 0.9907 2.2823
0.008 0.0446 0.9936 8.2963 0.0446 0.9932 6.5281 0.0446 0.9927 5.3459 0.0446 0.9919 3.8843 0.0446 0.9908 2.8676 0.0446 0.9897 2.2609
0.009 0.0473 0.9928 7.9411 0.0473 0.9924 6.3110 0.0473 0.9919 5.2036 0.0473 0.9910 3.8136 0.0473 0.9898 2.8323 0.0473 0.9887 2.2408
0.01 0.0498 0.9921 7.6317 0.0498 0.9916 6.1179 0.0498 0.9911 5.0751 0.0498 0.9901 3.7485 0.0498 0.9889 2.7992 0.0498 0.9877 2.2218
0.015 0.0609 0.9883 6.5166 0.0609 0.9877 5.3907 0.0609 0.9871 4.5747 0.0609 0.9859 3.4822 0.0609 0.9845 2.6585 0.0609 0.9830 2.1386
0.02 0.0702 0.9846 5.7995 0.0702 0.9839 4.8962 0.0702 0.9832 4.2193 0.0702 0.9819 3.2808 0.0702 0.9802 2.5464 0.0702 0.9785 2.0698
0.025 0.0783 0.9809 5.2857 0.0783 0.9802 4.5282 0.0783 0.9794 3.9468 0.0783 0.9779 3.1193 0.0783 0.9761 2.4529 0.0783 0.9742 2.0110
0.03 0.0856 0.9773 4.8928 0.0856 0.9765 4.2391 0.0856 0.9757 3.7278 0.0856 0.9741 2.9850 0.0856 0.9720 2.3728 0.0856 0.9700 1.9594
0.035 0.0923 0.9737 4.5791 0.0923 0.9729 4.0032 0.0923 0.9720 3.5460 0.0923 0.9702 2.8704 0.0923 0.9681 2.3027 0.0923 0.9659 1.9135
0.04 0.0985 0.9702 4.3207 0.0985 0.9693 3.8055 0.0985 0.9683 3.3914 0.0985 0.9665 2.7707 0.0985 0.9642 2.2404 0.0985 0.9619 1.8720
0.045 0.1043 0.9667 4.1029 0.1043 0.9657 3.6364 0.1043 0.9647 3.2576 0.1043 0.9628 2.6826 0.1043 0.9604 2.1844 0.1043 0.9580 1.8342
0.05 0.1098 0.9632 3.9158 0.1098 0.9622 3.4894 0.1098 0.9612 3.1400 0.1098 0.9592 2.6039 0.1098 0.9567 2.1336 0.1098 0.9542 1.7995
0.055 0.1149 0.9598 3.7528 0.1149 0.9587 3.3600 0.1149 0.9576 3.0354 0.1149 0.9556 2.5330 0.1149 0.9530 2.0871 0.1149 0.9504 1.7674
0.06 0.1198 0.9563 3.6090 0.1198 0.9553 3.2447 0.1198 0.9542 2.9416 0.1198 0.9520 2.4684 0.1198 0.9493 2.0443 0.1198 0.9467 1.7375
0.065 0.1245 0.9530 3.4808 0.1245 0.9518 3.1411 0.1245 0.9507 2.8567 0.1245 0.9485 2.4093 0.1245 0.9457 2.0046 0.1245 0.9430 1.7097
0.07 0.1290 0.9496 3.3656 0.1290 0.9485 3.0473 0.1290 0.9473 2.7794 0.1290 0.9450 2.3549 0.1290 0.9422 1.9677 0.1290 0.9394 1.6835
0.075 0.1333 0.9463 3.2613 0.1333 0.9451 2.9619 0.1333 0.9439 2.7085 0.1333 0.9416 2.3045 0.1333 0.9387 1.9332 0.1333 0.9358 1.6588
0.08 0.1374 0.9430 3.1662 0.1374 0.9418 2.8835 0.1374 0.9406 2.6431 0.1374 0.9382 2.2577 0.1374 0.9352 1.9009 0.1374 0.9323 1.6356
0.085 0.1414 0.9398 3.0791 0.1414 0.9385 2.8113 0.1414 0.9373 2.5826 0.1414 0.9348 2.2139 0.1414 0.9318 1.8704 0.1414 0.9288 1.6135
0.09 0.1452 0.9366 2.9989 0.1452 0.9353 2.7444 0.1452 0.9340 2.5263 0.1452 0.9315 2.1730 0.1452 0.9284 1.8417 0.1452 0.9253 1.5926
0.095 0.1489 0.9334 2.9246 0.1489 0.9321 2.6823 0.1489 0.9308 2.4738 0.1489 0.9282 2.1344 0.1489 0.9251 1.8144 0.1489 0.9220 1.5727
0.1 0.1525 0.9302 2.8557 0.1525 0.9289 2.6243 0.1525 0.9276 2.4246 0.1525 0.9250 2.0981 0.1525 0.9218 1.7886 0.1525 0.9186 1.5536
Table 4
The comparison of the curve-fitting results of optimum TMD parameters between present study and other studies.

Case Excitation Methods TMD parameter AME (%) NRMSE
Type Applied to

1 Force Main mass

Present study
ξ
opt
T 0 0
f opt 0.0060 3.0435e−005
Nopt 0.0029 1.0579e−005

Reference [14]
ξ
opt
T 0 0
f opt 0.0063 3.0959e−005
Nopt 0.0029 1.0579e−005

2 Acceleration (harmonic) Base

Present study
ξ
opt
T 11.8282 0.0137
f opt 0.0743 1.4369e−004
Nopt 0.0952 3.2051e−004

Reference [11]
ξ
opt
T 25.7854 0.0377
f opt 0.0978 1.6877e−004
Nopt 0.2891 8.4366e−004

3 Acceleration (white-noise) Base

Present study
ξ
opt
T 3.0164 0.0088
f opt 0.8502 0.0014
Nopt 0.0129 4.7964e−005

Reference [14]
ξ
opt
T 3.6190 0.0156
f opt 1.0765 0.0021
Nopt 0.0193 6.3641e−005
by

ξ
opt
T =

√
µ(1+ 3µ/4)

4(1+ µ)(1+ µ/2)
(15)

f opt =
√
1+ (µ/2)
1+ µ

+ (−0.5047+ 0.0764
√
µ+ 0.6023µ)

×
√
µξs + 0.3737µξ 2s . (16)

Substituting Eqs. (15) and (16) into the equation given in Box I,
the optimum response quantity, Nopt, can be calculated easily for
specified mass ratio µ. Fig. 5 shows the differences between the
explicit formulae and the optimumparameters are listed in Table 3.
The comparison of the curve-fitting results between present study
and Reference [13] is described in Table 4. The absolute maximum
error (AME) and normalized root mean square error (NRMSE) of
above explicit expressionswith optimumparameters based on PSO
are similar to Reference [13], but there are less terms in Eq. (16)
than those in equation (20) of Reference [13], although, less terms
may not be a great advantage.

5.2. Optimum TMD parameters for harmonic base excitation

For the damped main system being exerted by harmonic base
excitation, the optimum parameters and response quantity using
PSO are given in Tables 5 and 7 for specific mass ratio µ. The
important parameters of PSO are given as follows: nmax = 100,
wmax = 0.9, wmin = 0.1. Comparing with Reference [22] using
numerical iteration technique, the optimization results are very
close.
The variation of the maximum response quantity for different

ξs is plotted in Fig. 6, it is shown that the system response basically
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(a) Fitting curve of optimum damping ξ optT and error of explicit expression.

(b) Fitting curve of optimum tuning frequency f opt and error of explicit expression.

(c) Fitting curve and error of optimum response quantity Nopt .

Fig. 9. Comparison of the optimum parameters of TMD system based on PSO and explicit expressions for different mass ratios and damping of the main system under
harmonic acceleration excitation.
reduces with increasing mass of the optimum TMD though the
maximum responses reach the minimum values for different
damping of main system ξs and particular mass ratio µ.
The optimum damping and tuning frequency of TMD for
damped system are plotted in Figs. 7 and 8 as functions of mass
ratio. It is seen fromFig. 7 that the optimumdamping ξ optT increases
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as the mass ratio µ increases as well and the higher damping of
main system ξs the quicker the optimum tuning frequency f opt
increases. On the other hand, as shown in Fig. 8, it is observed that
the optimum tuning frequency f opt decreases with the increase of
the mass ratio µ, but it declines much quicker than that in Fig. 4.
The explicit expressions for the optimum damper damping and

tuning frequency are given by

ξ
opt
T =

√
3µ

8(1+ µ)(1− µ/2)
+ 0.1277ξs

+ (0.5277ξs + 2.3657ξ 2s )µ (17)

f opt =
(√
1− (µ/2)
1+ µ

+

√
1− 2ξ 2s − 1

)
+ (−2.3662+ 1.1252

√
µ)
√
µξs

+ (−4.8287+ 25.0000
√
µ− 35.0000µ)

√
µξ 2s (18)

which are also obtained with using the same curve-fitting
technique. Substitute Eqs. (17) and (18) into the equation given
in Box IV, the optimum response quantity, Nopt, can be found
for specified mass ratio µ. Similarly, Fig. 9 shows the differences
between the explicit formulae and the optimum parameters listed
in Table 7. As described in Table 4, the absolute maximum error
(AME) and normalized root mean square error (NRMSE) of above
explicit expressions with optimum parameters based on PSO are
all smaller than those of Reference [22], while Eqs. (17) and (18)
has less terms than those in equations (30) (31) of Reference [22].
Comparing with Reference [22], the curve-fitting AMEs for the
optimum damping, tuning frequency and response quantity of
TMD system decrease 54.13%, 24.03%, and 67.07%, the NRMSEs for
the optimum damping, tuning frequency and response quantity
of TMD system decline 63.66%, 14.86% and 62.01%, respectively.
At the same time, Fig. 9 also shows that the curve-fitting error
declines with themass ratioµ increasing and the damping of main
system ξs decreasing.
It is well known that the structural response decreases as the

mass of TMD increases, but themass of TMD has a limit in practice,
which must always be lighter than the structure. The optimum
mass ratios listed in Table 5 are between 0.925 and 0.5750. These
numbers are not practical for TMD utilized in buildings. That is
the reason why the mass ratio is generally not regarded as an
important value to optimize. Therefore, we restrict rather the
main structure damping ratios to 0.01 and 0.1 in Tables 6a and
6b respectively for various mass ratios to find the optimum TMD
damping ratios and tuning frequencies.

5.3. The optimum TMD parameters for white-noise base excitation

For the damped main system subjected to white-noise base
excitation, the optimum parameters and response quantity based
on PSO are listed in Tables 8 and 10 for particular mass ratio µ.
The important parameters of PSO are given as follows: nmax = 50,
wmax = 0.9, wmin = 0.1. By comparing with Reference [13] using
numerical iteration technique, PSO finds the better optimization
results than those in Reference [13], for example, the response
quantitiesNopt using PSO reduce 1.35% and 0.91% of those applying
numerical iteration method when the damping of main system
ξs = 0.1 and ξs = 0.075 for specified mass ratio µ = 0.1,
respectively.
Similarly, the variation of the maximum response quantity for

different ξs is plotted in Fig. 10, and the optimum damping and
tuning frequency of TMD for damped system are plotted in Figs. 11
and 12 as functions of mass ratio. The variation trends of the
optimum response quantity and optimum parameters are almost
like in Section 4.
Fig. 10. Maximumresponse quantitywith optimumTMDparameters underwhite-
noise base excitation.

Fig. 11. Optimum damping of TMD under white-noise base excitation.

Fig. 12. Optimum tuning frequency of TMD under white-noise base excitation.
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Table 5
Optimum TMD parameters for a damped main system under harmonic base excitation based on PSO.

ξs = 0.01 ξs = 0.02 ξs = 0.03 ξs = 0.05 ξs = 0.075 ξs = 0.1

µopt 0.9250 0.8900 0.8455 0.7324 0.6680 0.5750
ξ
opt
T 0.5654 0.5617 0.5526 0.5199 0.5130 0.4888
f opt 0.3673 0.3699 0.3766 0.4026 0.4043 0.4234
Nopt 2.8001 2.7375 2.6762 2.5581 2.4173 2.2855
Table 6a
Optimum TMD parameters for a damped main system under harmonic base excitation based on PSO for various mass ratio and damping= 0.01.

µ = 0.0001 µ = 0.0003 µ = 0.001 µ = 0.003 µ = 0.01

ξs 0.01 0.01 0.01 0.01 0.01
ξ
opt
T 0.0076 0.0123 0.0208 0.0353 0.0627
f opt 0.9995 0.9991 0.9979 0.9949 0.9853
Nopt 39.1225 32.8775 24.8757 17.7852 11.4530
Table 6b
Optimum TMD parameters for a damped main system under harmonic base excitation based on PSO for various mass ratio and damping= 0.1.

µ = 0.0001 µ = 0.0003 µ = 0.001 µ = 0.003 µ = 0.01

ξs 0.1 0.1 0.1 0.1 0.1
ξ
opt
T 0.0121 0.0182 0.0288 0.0451 0.0747
f opt 0.9861 0.9838 0.9793 0.9714 0.9526
Nopt 4.9462 4.8689 4.7062 4.4423 3.9839
Table 7
Optimum TMD parameters for a damped main system under harmonic acceleration excitation based on PSO for specified mass ratio.

µ ξs = 0.01 ξs = 0.02 ξs = 0.03 ξs = 0.05 ξs = 0.075 ξs = 0.1
ξ
opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt

0.001 0.0208 0.9979 24.8756 0.0221 0.9968 17.0279 0.0234 0.9955 12.8873 0.0252 0.9920 8.6297 0.0272 0.9864 6.0920 0.0288 0.9793 4.7062
0.002 0.0288 0.9964 20.2980 0.0303 0.9950 14.8077 0.0311 0.9933 11.6097 0.0337 0.9893 8.0700 0.0358 0.9828 5.8259 0.0379 0.9749 4.5554
0.003 0.0353 0.9949 17.7852 0.0362 0.9933 13.4511 0.0380 0.9914 10.7782 0.0400 0.9869 7.6786 0.0424 0.9798 5.6313 0.0451 0.9714 4.4423
0.004 0.0403 0.9935 16.1046 0.0418 0.9917 12.4842 0.0426 0.9896 10.1612 0.0450 0.9846 7.3743 0.0478 0.9771 5.4749 0.0503 0.9681 4.3497
0.005 0.0448 0.9921 14.8705 0.0462 0.9901 11.7409 0.0478 0.9879 9.6728 0.0502 0.9826 7.1242 0.0531 0.9747 5.3431 0.0555 0.9652 4.2706
0.006 0.0491 0.9907 13.9097 0.0505 0.9886 11.1423 0.0519 0.9862 9.2697 0.0543 0.9806 6.9117 0.0570 0.9723 5.2289 0.0600 0.9625 4.2011
0.007 0.0529 0.9893 13.1302 0.0543 0.9870 10.6438 0.0555 0.9845 8.9280 0.0582 0.9787 6.7272 0.0612 0.9700 5.1279 0.0643 0.9599 4.1390
0.008 0.0562 0.9880 12.4820 0.0577 0.9856 10.2198 0.0590 0.9829 8.6323 0.0617 0.9768 6.5641 0.0653 0.9679 5.0373 0.0678 0.9574 4.0828
0.009 0.0593 0.9866 11.9305 0.0607 0.9841 9.8520 0.0624 0.9813 8.3726 0.0650 0.9750 6.4181 0.0684 0.9657 4.9551 0.0716 0.9550 4.0314
0.01 0.0627 0.9853 11.4530 0.0644 0.9827 9.5283 0.0657 0.9798 8.1414 0.0684 0.9732 6.2862 0.0716 0.9637 4.8798 0.0747 0.9526 3.9839
0.015 0.0767 0.9787 9.7586 0.0778 0.9756 8.3392 0.0795 0.9722 7.2693 0.0826 0.9648 5.7702 0.0855 0.9539 4.5772 0.0890 0.9417 3.7898
0.02 0.0880 0.9723 8.6917 0.0894 0.9688 7.5567 0.0909 0.9650 6.6758 0.0939 0.9567 5.4018 0.0975 0.9450 4.3528 0.1013 0.9317 3.6423
0.025 0.0980 0.9659 7.9390 0.0996 0.9621 6.9885 0.1014 0.9580 6.2346 0.1040 0.9490 5.1188 0.1074 0.9364 4.1757 0.1119 0.9224 3.5238
0.03 0.1070 0.9597 7.3712 0.1086 0.9555 6.5504 0.1101 0.9511 5.8887 0.1131 0.9416 4.8911 0.1170 0.9282 4.0301 0.1222 0.9136 3.4250
0.035 0.1154 0.9535 6.9231 0.1167 0.9491 6.1989 0.1189 0.9445 5.6075 0.1215 0.9343 4.7022 0.1256 0.9203 3.9072 0.1296 0.9048 3.3405
0.04 0.1228 0.9475 6.5577 0.1246 0.9428 5.9086 0.1264 0.9379 5.3726 0.1295 0.9273 4.5418 0.1326 0.9125 3.8014 0.1385 0.8967 3.2672
0.045 0.1303 0.9415 6.2527 0.1320 0.9366 5.6636 0.1332 0.9314 5.1727 0.1363 0.9203 4.4033 0.1410 0.9052 3.7088 0.1458 0.8886 3.2025
0.05 0.1370 0.9356 5.9932 0.1386 0.9304 5.4531 0.1404 0.9251 4.9996 0.1438 0.9136 4.2820 0.1475 0.8978 3.6270 0.1527 0.8808 3.1449
0.055 0.1432 0.9297 5.7691 0.1452 0.9244 5.2700 0.1467 0.9188 4.8479 0.1503 0.9070 4.1746 0.1552 0.8909 3.5538 0.1586 0.8731 3.0931
0.06 0.1493 0.9239 5.5730 0.1513 0.9184 5.1087 0.1531 0.9127 4.7136 0.1561 0.9004 4.0786 0.1610 0.8838 3.4880 0.1659 0.8658 3.0462
0.065 0.1553 0.9182 5.3997 0.1573 0.9125 4.9653 0.1591 0.9066 4.5936 0.1629 0.8941 3.9922 0.1664 0.8769 3.4282 0.1718 0.8585 3.0035
0.07 0.1611 0.9125 5.2452 0.1627 0.9067 4.8367 0.1643 0.9006 4.4855 0.1685 0.8878 3.9138 0.1726 0.8703 3.3737 0.1775 0.8514 2.9643
0.075 0.1661 0.9069 5.1065 0.1680 0.9009 4.7207 0.1694 0.8946 4.3876 0.1733 0.8814 3.8423 0.1794 0.8639 3.3238 0.1822 0.8442 2.9283
0.08 0.1714 0.9013 4.9810 0.1734 0.8952 4.6154 0.1753 0.8888 4.2984 0.1785 0.8753 3.7768 0.1844 0.8573 3.2777 0.1894 0.8377 2.8950
0.085 0.1762 0.8958 4.8669 0.1785 0.8895 4.5192 0.1807 0.8831 4.2167 0.1839 0.8692 3.7165 0.1882 0.8506 3.2351 0.1938 0.8308 2.8641
0.09 0.1811 0.8903 4.7626 0.1831 0.8839 4.4310 0.1846 0.8772 4.1415 0.1893 0.8633 3.6608 0.1940 0.8445 3.1955 0.2006 0.8245 2.8354
0.095 0.1857 0.8849 4.6668 0.1885 0.8785 4.3498 0.1901 0.8717 4.0720 0.1944 0.8575 3.6091 0.1982 0.8382 3.1587 0.2038 0.8177 2.8085
0.1 0.1902 0.8796 4.5785 0.1929 0.8730 4.2746 0.1946 0.8661 4.0076 0.1996 0.8518 3.5610 0.2041 0.8323 3.1244 0.2082 0.8111 2.7835
The explicit expressions for the optimum damper damping and
tuning frequency are given by

ξ
opt
T =

√
µ(1− µ/4)

4(1+ µ)(1− µ/2)
− 5.3024ξ 2s µ (19)

f opt =
√
1− (µ/2)
1+ µ

+ (−4.9453+ 20.2319
√
µ

− 37.9419µ)
√
µξs + (−4.8287+ 25.0000

√
µ)
√
µξ 2s . (20)

Similarly, substituting Eqs. (19) and (20) into the equation
given in Box VI, the optimum response quantity, Nopt, can be
obtained for specified mass ratio µ. In Fig. 13 shows the differ-
ences between the explicit formulae and the optimum parame-
ters listed in Table 10. The explicit formulae of the present study
give higher estimate of the curve-fitting error for optimum pa-
rameters than those of Reference [13]. Compared with Refer-
ence [13], the curve-fitting errors of the optimum damping, tuning
frequency and response quantity of TMD system decrease 16.65%,
21.02%, 33.16% for AME, and 33.33%, 43.59%, 24.63% for NRMSE,
respectively.
Again, it is well known that the structural response decreases

as the mass of TMD increases, but the mass of TMD has a limit
in practice, which must always be lighter than the structure.
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Table 8
Optimum TMD parameters for a damped main system under white-noise base excitation based on PSO.

ξs = 0.01 ξs = 0.02 ξs = 0.03 ξs = 0.05 ξs = 0.075 ξs = 0.1

µopt 0.6294 0.5936 0.5578 0.4907 0.4142 0.3468
ξ
opt
T 0.3458 0.3379 0.3294 0.3119 0.2890 0.2656
f opt 0.4966 0.5033 0.5107 0.5256 0.5448 0.5636
Nopt 2.3091 2.2162 2.1268 1.9585 1.7671 1.5958
Table 9a
Optimum TMD parameters for a damped main system under white-noise base excitation based on PSO for various mass ratio and main damping= 0.01.

µ = 0.0001 µ = 0.0003 µ = 0.001 µ = 0.003 µ = 0.01

ξs 0.01 0.01 0.01 0.01 0.01
ξ
opt
T 0.0050 0.0087 0.0158 0.0273 0.0498
f opt 0.9994 0.9990 0.9978 0.9947 0.9850
Nopt 22.2235 19.6205 15.6366 11.6292 7.7405
Table 9b
Optimum TMD parameters for a damped main system under white-noise base excitation based on PSO for various mass ratio and main damping= 0.1.

µ = 0.0001 µ = 0.0003 µ = 0.001 µ = 0.003 µ = 0.01

ξs 0.1 0.1 0.1 0.1 0.1
ξ
opt
T 0.0048 0.0084 0.0153 0.0264 0.0482
f opt 0.9791 0.9771 0.9728 0.9649 0.9460
Nopt 2.4942 2.4838 2.4530 2.3859 2.2354
Table 10
Optimum TMD parameters for a damped system under white-noise acceleration excitation based on PSO for specified mass ratio.

µ ξs = 0.01 ξs = 0.02 ξs = 0.03 ξs = 0.05 ξs = 0.075 ξs = 0.1
ξ
opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt ξ

opt
T f opt Nopt

0.001 0.0158 0.9978 15.6366 0.0158 0.9964 10.0717 0.0157 0.9946 7.3451 0.0157 0.9900 4.7126 0.0155 0.9823 3.2323 0.0153 0.9728 2.4530
0.002 0.0223 0.9962 13.0956 0.0223 0.9945 9.0352 0.0223 0.9924 6.8246 0.0221 0.9871 4.5270 0.0219 0.9787 3.1590 0.0216 0.9685 2.4168
0.003 0.0273 0.9947 11.6292 0.0273 0.9927 8.3521 0.0273 0.9904 6.4532 0.0271 0.9847 4.3821 0.0268 0.9757 3.0983 0.0264 0.9649 2.3859
0.004 0.0316 0.9932 10.6239 0.0315 0.9911 7.8449 0.0315 0.9886 6.1630 0.0313 0.9824 4.2617 0.0309 0.9729 3.0458 0.0305 0.9617 2.3584
0.005 0.0353 0.9918 9.8724 0.0352 0.9895 7.4441 0.0352 0.9868 5.9250 0.0350 0.9803 4.1584 0.0346 0.9704 2.9993 0.0341 0.9588 2.3337
0.006 0.0386 0.9904 9.2801 0.0386 0.9879 7.1145 0.0385 0.9850 5.7236 0.0383 0.9782 4.0677 0.0379 0.9679 2.9574 0.0374 0.9560 2.3111
0.007 0.0417 0.9890 8.7961 0.0417 0.9864 6.8360 0.0416 0.9834 5.5493 0.0413 0.9763 3.9867 0.0409 0.9656 2.9192 0.0403 0.9534 2.2902
0.008 0.0446 0.9877 8.3901 0.0445 0.9849 6.5958 0.0444 0.9817 5.3961 0.0442 0.9743 3.9137 0.0437 0.9634 2.8841 0.0431 0.9508 2.2707
0.009 0.0473 0.9863 8.0426 0.0472 0.9834 6.3855 0.0471 0.9801 5.2596 0.0468 0.9725 3.8472 0.0463 0.9612 2.8516 0.0457 0.9484 2.2525
0.01 0.0498 0.9850 7.7405 0.0497 0.9819 6.1989 0.0496 0.9785 5.1367 0.0493 0.9707 3.7861 0.0488 0.9591 2.8212 0.0482 0.9460 2.2354
0.015 0.0609 0.9783 6.6577 0.0608 0.9748 5.5009 0.0607 0.9708 4.6621 0.0603 0.9620 3.5396 0.0597 0.9492 2.6946 0.0589 0.9350 2.1625
0.02 0.0702 0.9718 5.9682 0.0701 0.9678 5.0319 0.0700 0.9635 4.3299 0.0696 0.9538 3.3567 0.0688 0.9401 2.5964 0.0679 0.9249 2.1043
0.025 0.0783 0.9655 5.4788 0.0782 0.9611 4.6869 0.0781 0.9564 4.0786 0.0776 0.9460 3.2128 0.0768 0.9314 2.5165 0.0758 0.9154 2.0561
0.03 0.0856 0.9592 5.1081 0.0855 0.9545 4.4188 0.0854 0.9495 3.8792 0.0849 0.9384 3.0951 0.0840 0.9231 2.4496 0.0830 0.9064 2.0150
0.035 0.0923 0.9530 4.8149 0.0922 0.9480 4.2025 0.0921 0.9427 3.7158 0.0916 0.9311 2.9962 0.0906 0.9151 2.3923 0.0895 0.8978 1.9795
0.04 0.0985 0.9469 4.5757 0.0984 0.9417 4.0232 0.0982 0.9360 3.5786 0.0977 0.9239 2.9116 0.0967 0.9073 2.3425 0.0955 0.8895 1.9483
0.045 0.1043 0.9409 4.3759 0.1042 0.9354 3.8715 0.1040 0.9295 3.4612 0.1035 0.9169 2.8381 0.1025 0.8998 2.2987 0.1012 0.8814 1.9206
0.05 0.1098 0.9350 4.2058 0.1097 0.9292 3.7410 0.1095 0.9231 3.3593 0.1089 0.9101 2.7734 0.1078 0.8924 2.2597 0.1065 0.8735 1.8959
0.055 0.1149 0.9291 4.0590 0.1148 0.9231 3.6273 0.1146 0.9168 3.2699 0.1140 0.9034 2.7159 0.1129 0.8852 2.2247 0.1116 0.8659 1.8735
0.06 0.1198 0.9233 3.9308 0.1197 0.9171 3.5271 0.1195 0.9106 3.1906 0.1189 0.8968 2.6645 0.1178 0.8782 2.1931 0.1164 0.8584 1.8533
0.065 0.1245 0.9175 3.8175 0.1244 0.9112 3.4380 0.1242 0.9045 3.1197 0.1236 0.8903 2.6180 0.1224 0.8712 2.1645 0.1210 0.8511 1.8349
0.07 0.1290 0.9118 3.7167 0.1289 0.9053 3.3583 0.1287 0.8984 3.0558 0.1280 0.8839 2.5759 0.1269 0.8645 2.1383 0.1254 0.8440 1.8180
0.075 0.1333 0.9062 3.6263 0.1332 0.8995 3.2864 0.1330 0.8925 2.9980 0.1323 0.8776 2.5376 0.1311 0.8578 2.1144 0.1296 0.8369 1.8026
0.08 0.1375 0.9006 3.5447 0.1373 0.8938 3.2211 0.1371 0.8866 2.9454 0.1365 0.8714 2.5024 0.1352 0.8512 2.0923 0.1337 0.8300 1.7883
0.085 0.1415 0.8951 3.4706 0.1413 0.8881 3.1617 0.1411 0.8808 2.8972 0.1404 0.8653 2.4701 0.1392 0.8448 2.0720 0.1376 0.8233 1.7751
0.09 0.1453 0.8897 3.4031 0.1452 0.8825 3.1072 0.1450 0.8750 2.8530 0.1443 0.8593 2.4402 0.1430 0.8385 2.0532 0.1415 0.8166 1.7630
0.095 0.1491 0.8843 3.3412 0.1489 0.8769 3.0572 0.1487 0.8693 2.8122 0.1480 0.8533 2.4126 0.1468 0.8322 2.0357 0.1451 0.8101 1.7517
0.1 0.1527 0.8789 3.2842 0.1526 0.8714 3.0110 0.1524 0.8637 2.7745 0.1517 0.8475 2.3870 0.1504 0.8260 2.0194 0.1487 0.8037 1.7411
The optimum mass ratios listed in Table 8 are between 0.3468
and 0.6294. These numbers are not practical for TMD utilized
in buildings. That is the reason why the mass ratio is generally
not regarded as an important value to optimize. Therefore, we
restrict rather the main structure damping ratios to 0.01 and 0.1
in Tables 9a and 9b respectively for various mass ratios to find the
optimum TMD damping ratios and tuning frequencies.

6. Conclusions

To the best of our knowledge, this is the first report on
the application of particle swarm optimization (PSO) to TMD
optimization problems. The optimumparameters of a TMD system
for a damped main system subjected to external force and base
excitations are obtained by using PSO for the minimization of
response quantities. The variation of optimum parameters and
response quantities are also analyzed. Compared with other
studies, the optimization results for undamped and damped main
systems, respectively, demonstrate the performance and efficiency
of PSO. It is quite easy to be programmed for applications in
practical engineering. Explicit expressions for the optimum TMD
parameters are obtained by curve-fitting technique for engineering
design. Comparison of the curve-fitting results with other studies



A.Y.T. Leung, H. Zhang / Engineering Structures 31 (2009) 715–728 727
(a) Fitting curve of optimum damping ξ optT and error of explicit expression.

(b) Fitting curve of optimum tuning frequency f opt and error of explicit expression.

(c) Fitting curve and error of optimum response quantity Nopt .

Fig. 13. Comparison of the optimum parameters of TMD system based on PSO and explicit expressions for different mass ratios and damping of the main system under
white-noise acceleration excitation.
shows that the explicit formulae in the present study are simpler.

An extendedwork is to investigate the applications of PSO formain
systems equipped with TMD and MTMD under non-stationary
random base excitations [35].
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